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Abstract 

For projectionless C*-algebras absorbing the Jiang-Su algebra tensori- 
ally, we study a kind of the Rohlin property for autmorphisms. We show 
that the crossed products obtained by automorphisms with this Rohlin 
property also absorb the Jiang-Su algebra tensorially under a mild tech- 
nical condition on the C*-algebras. 

In particular, for the Jiang-Su algebra we show the uniqueness up to 
outer conjugacy of the automorphism with this Rohlin property. 
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1 Introduction 

In the classification program established by EUiott, the Jiang-Su algebra Z 
is one of the most important C*-algebras, see [8], [18], and which have been 
investigated by many people, [Ij, [B], [TU], [12], [S3]- Toms and Winter proved 
that for all approximately divisible C*-algebras absorb the Jiang-Su algebra 
tensorially, i.e., A = A® [33 . R0rdam showed that the Cuntz semigroup 
of a Z-absorbing C*-algebra is almost unperforated pS]. Recently, Winter has 
shown some criteria for the absorption of the Jiang-Su algebra [35j . For abstract 
characterization of the Jiang-Su algebra in a streamlined way, we refer to the 
recent papers by Dadarlat, R0rdam, Toms, and Winter, [5], [3D], [3S]. H. Lin 
has shown the classification theorem for a large class of C*-algebras consisting 
of generalized dimension drop algebras when they absorb the Jiang-Su algebra 
tensorially. 

In the case of von Neumann algebras Connes defined the Rohlin property 
for automorphisms, using a partition of unities consisting of projections, and 
classified automorphisms of injective type Il\ factor up to outer conjugacy [2]. 
Kishimoto gave a method to prove the Rohlin property for automorphisms of 
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AF-algebras for classifying automorphisms up to outer conjugacy, based on the 
EUiott's classification program, [9j, [20], [21]. For Kirchberg algebras, Naka- 
mura completely classified autmorphisms with the Rohlin property by their 
KK-classes up to outer conjugacy [H]. Recently, Matui has classified automor- 
phisms of AH-algebras with real rank zero and slow dimension growth up to 
outer conjugacy [53]. For finite actions, Izumi defined the Rohlin property and 
has shown the classification theory [M], [15]. Recently, Izumi, Katsura, and 
Matui showed classification results for Z^-actions with the Rohlin property [T^ . 

The aim of this paper is to introduce a kind of the Rohlin property for 
automorphisms of projectionless C*-algebras and to give the following two main 
theorems as follows. 

Definition 1.1. Let A be a unital C*-algebra which has a unique tracial state 
r and absorbs the Jiang-Su algebra Z tensorially, and a be an automorphism 
of A. We say that a has the weak Rohlin property, if for any k € N there exist 
positive elements /„ G A}^ such that (/„)„ G A^o, n e N 

(«■'■(/«))■(/«) =0, J = 1,2,..., fc-1, 

fc-i 

r(l-^a-'(/„))-.0. 

Here, we denote by A°° the quotient (N, A) / co (A) , and A^o the central 
sequence algebra A°° n A'. 

We extend a technical condition called property (SI) to projectionless C*- 
algebras in Definition 13.31 Roughly speaking, property (SI) means that if two 
central sequence of positive elements are given such that one of them is infinites- 
imally small compared to the other in the sequence algebra, then in fact so in 
the central sequence algebra. 

Theorem 1.2. Let A be a unital separable projectionless C* -algebra which has 
a unique tracial state and absorbs the Jiang-Su algebra tensorially. Suppose 
that A has property ( SI) and a is an automorphism of A with the weak Rohlin 
property. Then Ax^Z also absorbs the Jiang-Su algebra tensorially. 

Theorem 1.3. Suppose that a and (3 are automorphisms of the Jiang-Su algebra 
with the weak Rohlin property. Then a and (3 are outer conjugate, i.e., there 
exists an automorphism 6 of Z and a unitary u in Z such that 

a — Ad u o 6 o [3 o . 

For a separable, nuclear C*-algebra A absorbing the Jiang-Su algebra, R0rdam 
proved that A is purely infinite if and only if A is traceless in [55] , and Nakamura 
proved that the aperiodicity for automorphisms of purely infinite C*-algebras 
coincides with the Rohlin property in |24j. If A is a projectionless C*-algebra 
with a unique tracial state constructed in [32], the weak Rohlin property is 
equivalent to the aperiodicity of the automorphism in the GNS-representation 
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associated with the tracial state. Similar definitions for finite actions, which 
is called projection free tracial Rohlin property, has been defined in [1], [25] , 
The first main theorem is an adaptation of the result showed by Hirshberg and 
Winter in [T^ to projectionless C*-algebras. The second main theorem is an 
adaptation of the result for UHF algebras showed by Kishimoto in [50] to the 
Jiang-Su algebra. 

The paper is organized as follows: In Section 2, we recall the generators of 
the prime dimension drop algebras discovered by R0rdam and Winter in [3D] . In 
Section 3, for projectionless cases we extend the technical property, which was 
called property (SI) in [3T], to projectionless C*-algebras. By this property, we 
can obtain the generators defined in Section 2 . In Section 4, we prove Theorem 
11.21 In Section 5, using the weak Rohlin property we show the stability for the 
automorphisms of the Jiang-Su algebra, and show Theorem 11.31 

Concluding this section, we prepare some notations. When A is a C*-algebra, 
we denote by Asa the set of self-adjoint elements of A, the unit ball of A, A+ 
the positive cone of A, U {A) the unitary group of A, P{A) the set of projections 
of A, T{A) the tracial state space of A. We define an inner automorphism of A 
by Adu(a) = uau* for u G U{A) and a e A. We denote by M„ the C*-algebra 
of n X n matrices with complex entries and e^"'' the canonical matrix units of 

M„, and we set e|"-* = We denote by (m,n) the greatest common divisor 
of m and n G N. 

2 The generators of prime dimension drop alge- 
bras 

The following argument was given by R0rdam and Winter in and [3D]. 
We would like to begin with some definitions about the generators of prime 
dimension drop algebras and show Proposition 12.11 We denote by I(k,k + 1), 
fc e N the prime dimension drop algebra 

{/ e C([0, 1]) ® Mk ® Mk+i; /(O) e ® U+i, /(I) e U ® Mfe+i}, 
and set the self adjoint unitary 

Define non-unital *-homoniorphisms po '■ Mk ® Mk ^ Mk ® Mk+i by po{ef^ ® 

e[ tl) = ® and p : C([0, 1]) Mk ^ Mk ^ C([0, 1]) ^ Mk ^ Mk+i 

by p(f){t)^ Po(/W), t e [0, 1]. Let u e C/(C([0, 1]) (g) Mk (8) Mk) be such that 
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u(0) = 1 and — ui, and set 

k 



„ _ V P^'') (X) 



= p(M)(t)ecosi/2(7ri/2)lfe(g)e^';+^\ 

c,it) = w;(i)(eg®lfc+iK(t), j = l,2,...,/c, 
s(t) = sm{T:t/2)w{t)v, ie[0, 1]. 

Since cj (0) = eg » U+i, Cj (l) = U ® eJ^+^\ s(0) = 0, and s(l) Ifc^ef 
it follows that Cj, s £ /(fc, k + 1). And we have that 



-1' 



w''w{t) 


= = Ife ® ^ 


-4Ti^^)®cos(7ri/2)lfc(g) 




* / (fc) (fc) ^ , 
= WW w[e\ le'j ( (g) Ifc+i 




fc 


= iw*w)\ 




s*sit) 


= sin2(7r</2)lfc®ei';+^\ 




cis{t) 


= sin(7rt/2)?i;(eg ® 1^+ 



From these computations, it follows that {cj}'j^i U {s} satisfies 

ci ^ 0, CjC* = (5ijCi, 

C*Cj + S*S = 1, CiS = s. 

i=i 

To be convenient, we denote by TZk the above relations on generators of a unital 
C*-algebra. 

Fix a separable infinite-dimensional Hilbert space TC, and set 
A = {{c;})-^i U {s'} c BiH^; satisfies 7^fe} c 2^(«)\ 

For A e A, let Cj.A G A, j = 1,2, and G A be generators corresponding 
to Cj, J — 1,2, ...,fc, and s on the relations TZ^, and define Cj = ^xeA ^j >^-< 
s = ^xeA ^ ^(0agA^)- '^^^ {cjlj^i U{s} satisfies the relations TZk- 
Let C*({cj}j^i U{s}) be the C*-subalgebra of B(0AgA^) generated by {c^} 
U{s}. Then, we can identify C*{{cj}^^^ U{s}) with the universal C*-algebra 
on a set of generators satisfying the relations TZk ■ 

Proposition 2.1 (Proposition 5.1 in [3D|). The universal C* -algebra C* {{cj}'j^i 
U {s}) is isomorphic to I{k, k + 1) with Cj i— > Cj and s t—^ s. 
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Proof. First we show that C*{{cj}j U {s}) = I{k, k + 1). Since 

k 

^c*ss*c.i + s*s{t) = sin^(7rt/2)(lfe (g) Ife+i), 
i=i 

and lfc(g)lfc+i e C*({cj}jU{s}), we have that C([0, l])«)lfe(g)lfc+i C C*({cj}jU 
{s}). By a partition of unity argument on [0,1], it sufhces to show that 
C*({cj}, U {s})ii) ^ I = 0,1, and C*({c,}, U {s})it) ^ Mu ® Mk+i, 

t e (0,1). Since Cj{0) = eg ® l^+i, Cj(l) = U ® eJ*^+^\ j = 1, 2, fc, and 
s(l) = lk(g> e[''^^ll, it foUows that C*{{cj}j U {s}) (i) ?S Mk+^, i = 0,l. Since 

scjs*(t) = sin2(7ri/2)cos(7ri/2)/9(u)(eg ® eg+^V(")*W, j = 1, 2, /c, 
scjs*c,(t) = sin2(7rt/2)cos(7rt/2)/7(M)(eg «)eg+^V(w)*(i), i, j = 1,2, k, 
sc,{t) = sin(^t/2) cos(7rt/2)p(u)(t)(eg ® ef +l{), j = 1, 2, k, 

for t e (0, 1), we have that C*{{cj}j U {«})(<) = (g) Mk+i for t e (0, 1). 

Set A = C*{{cj}j^i U {s}). Let $ : A ^ I{k,k+1) be the *-honioniorphism 
defined by ^{cj) = cj and <l>(s) = s. It remains to show that $ is injective. 
Let (tt, 7i) be an irreducible representation of A. Because for any a G A there 
exists an irreducible representation of A which preserves the norm of a (see [261 
4.3.10]), it sufhces to show that there exists a representation ip of I{k, A: + 1) on 
H such that ip{cj) = n{cj) and ip{s) = tt{s). 

Set 

k 

b = c*ss*Cj + s*s. 
i=i 

By the following computations, we see that b is in the center of A. Since 
{cj}j U {s} satisfies the relations TZk, in particular cf = CjC*, we have that 



bcj = 


S S Cj 1 5 5 Cj J 


Cjb = 


SS*Cj + CjS*S, 


S*SCj = 


Cj C -j^ Cj — Cj s s ^ 


bs = 


bcis = ss s + s s , 


sb = 


y SCjSS Cj + ss s. 


~* ~2 

s s = 


cis — cjs = s — S = 0, 


S*SC*SS*Cj = 


CjSS Cj — CjCjCjSS Cj = 



Hence [b, Cj] = and [b, s] = 0. 

Set Cj = 7r(cj), s = 7r(s), and b = T^{b). Since ^ 6 ^ 1, we have that 
sp(&) = [0, 1] and obtain /3 e [0, 1] such that (31 = b. When /3 = we have 
s = 0. Thus {cj}j satisfies the relations for matrix units {eg-} of Mk, and then 
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Ti = £.^ . Set : I{k, k + 1) ^ Mk as the irreducible representation at 0. Since 
Vo(cj) = e^j we obtain a unitary wq € U{Mk) such that Aduo ° K)(cj) = Cj 
and define = Aduo ° Vo- 

When /3 = 1 , by the following computations, we see that c*Cj, j = 1, 2, n, 
and s*s are orthogonal projections. Since b = 1, wc have that '^c*{l — ss*)cj = 

0. Then it follows that cj = ss* , c\ = cj, (c*Cj)^ = Cjcjcj = c*Cj, and (s*s)^ = 
s*cf s = s*s. Prom ^ CjCj +s*s = 1 it follows that CjCj, j = 1, 2, k and s*s 
arc mutually orthogonal projections. Hence {cj}j U {.s} satisfies the relations 

for matrix imits of Mk+i- Then we see that H = C^'^+i) and can 

define (p : I{k, k + 1) ^ B{TL) as the irreducible representation of I{k, fc + 1) at 
t = \ \vp to unitary cquivalcnc;c. 

When < /? < 1, by the following computations, we see that 

1, j = l,2,...,k, arc mutually orthogonal projections. Since bs = ss*s and 
(1 - b)s*s = (1 - s*s)s*s, we have that 

= - f3)-^c*Cj{l - s*s)s*s = Ej,k+u 

k 

Y,Ei,j + J2Ej,k+i = {/3{i-i3))-\Yl^*s{i-rs)rci + {i-rs)r-s) 

i,j j i=l 

k 

= C*SS*Ci + S*S) = 1. 

i=l 

Set 

Fj,k+I = m-P)r'^^scj, i,j = 1,2,. ..,k. 

Then it follows that F*jF,j = E,^j, F*,,^-^^Fj^k+i = Ej^k+i, F.jF*^ = Ei^i, and 
Fj,k+iF*j.^i = Ei^i. Thus {Fij}ij U {Fj^k+i}j satisfies the same relations as 

matrix units {ci^] (Xi 6^^^^"^-'}^ U {^i^j e'l'k+i} j °f Mk(^ Mk+i- It is not so hard 

to see that P^'^T^iKoFiM+i = s, Ej=i j = ss*c,, and ;3c, = 

ss*c,+ rsc,. Then wc have that C*({Fij} U {Fj^k+i}) = C*({cj}j U {s}) and 
Ti =■ C'^('^+^\ Let Yfi be the irreducible representation of lik, A: + 1) at t e (0, 1) 
with sin^(7ri/2) = /3. Then Vg o $(6) = /3 and there exists a unitary such 
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that 

Fij = - /3)-V2 Adu/3 o V0{scjS*Ci), 

Hence, we have that Ad up o V/}{cj) = cj and Ad up o Vp{s) = s and obtain 
ip = Ad up o Vp. This completes the proof. I 

Corollary 2.2. Let A be a unital C* -algebra. Suppose that contains Ci, 
i = 1,2, k, and s satisfying the relations TZk and sp(|s|) = [0, 1]. Then there 
exists a unital embedding (fi : I{k,k + 1) ^ A such that ^{ci) = Ci and (fi{s) = s. 

Proof. By the universal property of I{k, k+ 1), there exists a unital * homomor- 

phism if : I{k, fc+ 1) ^ ^ such that ^p{cj) ~ Cj and ip{s) — s. We denote by X^p 
the compact subset of [0, 1] determined by ker((p) = {/ G /(fc, k + 1); f\x^ = 0}. 

For any / e C([0, 1]) it follows that f{\s\){t) = fo sm{TTt/2) U (g) 6^*;+^^ Then 
we have that /|sin(f x^) = <^ f{\s\)\x^ = <^ /(|s|) = <^ /|sp(|s-|) = 0. Thus 
sp(|s|) = sin(^X,^), which concludes that ker((^) = 0. I 

3 Property (SI) for projectionless C*-algebras 

Definition 3.1. Let A be a unital C*-a]gcbra and r € T{A). We recall the 
dimension function d-r and define d^- : A\_ by 

drif) = lim T((l/n + /)-V), 

n^oo 

drif) = lim r(r), / e AX. 

Lemma 3.2. For fn € A^, n e N mth {fn)n € Aoo and an increasing sequence 
rUn, n e N with rUn /' oo, it follows that 

(1) // lim max t(/„) = then there exists fn € A\_, n e N such that (fn)n = 

n^ooT&T(A) 

{fn)n and lim max rf^(/„) = 0. 

n^oo reT(A) 

(2) There exists fn G A\. n G N such that (fn)n = ifn)n and liminf min 

n— >c!o xeT(A) 

drUn) > liniinf„minxT(/;^''). 

(3) If A absorbs Z tensorially, then there exists fn'^ G A\_, i = 0, 1, n G N 

such that {fli\ G A^, fi"\fi^'> = 0, {fi''>)n < {fn)n, « = 0, 1, 

liminf min dr{fn^) > liminf„ min,- r(/™")/2. 

n— >(X) reT{A) 

Proof. (1) Let e„ > be such that £„ \ and maxr^T{A) T{fn) < 

^m-I e<t<l, 
9^^^'-) 0, 0<t<e, 



7 



and /„ = g^^{fn). Then we have that_ ||/„ - /„|1 < e„ and £„ Hmm^oo(l/™ 
fn)~^fn < fn, which impHes that dr(/n) < £«, for any r G r(A). 
(2) Let e„ > be such that e„ \ 0, and (1 - £„)'"" — > 0. Set 



{l-e)-H, 0<t<l-e, 
1, 1 - e < i < 1, 



and /„ = gsMn)- Then we have that |j/„ - /„|| < e„ and /;^" = /""(hm^^oo 
/4 + x([0,l - £„))(/„)) < Imii^ooli +(1 - (where x{S) means the 

characteristic function of 5,) which imphes that T{f"''^) < dr{fn) + (1 ~ 
for any r g T{A). 

(3) Set c = hminf min t(/™"). Since A = A (S?) Z, we obtain Z„ G N 

^ ' neN 

and /„ G (A(8) Z)|',_ such that Z„ oo and m„||/„ — /„|| ^ 0, which imphes 

_ j=i _ 

that (/„)ri G Aoo and hminf min t(/„") = c. By an argument as in the 

n— >oo TeT(A) 
1,1 

proof of (2), we obtain /„ G {A®(^Z)\, n G N such that (/„)„ = (/„) = (/„) 
and hminf min drifn) > c. Let Pn^ G Z}, i — 0,1, n G N be such that 

n^QO TeT{A) 

gn'^gn'' = 0, hm inf „ d^-^ (gi''' ) — 1/2, i — 0,1, where tz means the unique 

tracial state of Z. Set ^ = jn® 9n G ^<Xi Z. Since Z„ /" cx3, it follows 

that {]^\ G A^, and since_T((/^'^)'') - t(/p® l)r2_((g^;))P), p G N, r G 

it follows that liminf„ mini- c?r(/n*'') = liminf„ miur c?r(/ji)c^T2 (S"'') > c/2, i = 
0,1. I 

In [31], we have defined the technical condition, called property (SI), for 
C*-algebra with non trivial projections. For projectionless C*-algebras, we gen- 
eralize this technical condition in the following. 

Definition 3.3. We say that A has the property (SI) , when for any e„ and 

fn G A^, n G N satisfying the following conditions: (e„)n, (/«)« G Aoo, 



lim max T(e„) = 0, 

n^oo TeT{A) 



liminf min t(/^*) > 0, 

n— »oo reT(A) 

there exists Sn & A^ , n G N, such that (s„)„ G and 
(s^Sn) = (e„), (/„s„) = (s„)- 
Example 3.4. Any UHF algebra has the property (SI). 
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Proof. Let i? be a UHF algebra, and let e„ and /„ S B]_, n S N satisfy the 
conditions in the property (SI). Let Bn, n G N be an increasing sequence of 
matrix subalgebras of B such that (IJneN ^n) = B and 1b„ = 1b- For any J5„, 
we denote by <i>„ : S — > B'^^H B the conditional expectations ([211 Section 1]). 
By (e„)„, (/„)„ e Boo, we obtain a slow increasing sequence m„ G N, n G N 
such that m„ oo, m„ < (<I>m„(e„))n = (en)n, and 

lim m„||$,„^(/„) - /„|| = 0, 

n — *oo 

and we obtain a fast increasing sequence In, n E N, and e„, /„ £ (^m„ 1^ 
such that m„ < (e„)„ = (^'m„(e„))„, and Jini„^oo w„||/„ ~^m„ifn)\\ = 0. 
Then we have that limr(ere) = and lim|j/„" — /™"|| = 0, which implies 
that liminfr(/„") = liminfT(/™") > 0. By Lemma 3.2 (1), we obtain e„ G 
{B!^^ n Bi^)\ such that (e„)„ = (e„)„ and limdT-(e„) — 0. By Lemma 3.2 (2), 
we obtain /„ G (i?^„^ n Bi„)+ such that (/„)„ = (/„)„ and 

liminf d^(/„) > liminfT(7"") > 0. 

n — ^CJO 

Taking a large G N, we have that 

rfTr„(e„) = dr[en) < dr{fn) = rfTr„(/n), n > N, 

where Tr„ is the normalized trace of n Bi^. Then, we obtain s„ G 

{B'^^^ nBi^y such that s*s„ = e„, /„s„ = s„, hence we have that (s„)„ G -Boo, 

(.'^n'^n'}n — (^n)n5 and i^fn^n]n — {,^n)n- I 

By the above example and the following proposition, we see that the Jiang- 
Su algebra has the property (SI). This proposition is motivated by Lemma 3.3 
in [ig. 

Proposition 3.5. Let A be a unital C* -algebra absorbing the Jiang-Su algebra 
Z tensorially. If A® B has the property (SI) for any UHF algebra B, then A 
also has the property (SI). 

In order to prove the above proposition, we define the projectionless C*- 
algebra for fc G N \ {1} by 

Zk = {/ G C([0, 1]) ® Mfe~ ® M(fe+i)oe ; 

/(O) G Affeoo (g) Ife+ioo, /(I) G Ifeoo ® Mfe+ioo}. 

This projectionless C*-algebra Z^ was introduced by R0rdam and Winter in 
[3D], [Sj as a mediator between C*-algebras absorbing UHF algebras and C*- 
algebras absorbing the Jiang-Su algebra. 

Proof. Suppose that e„ and /„ G A\, n G N satisfy the conditions in the 
property (SI). Let fc be a natural number with fc > 2, B*^'^ the UHF algebra 
of rank (fc + i)°°, and <I>^'^ the canonical unital embeddings oi A® B*^'' into 
A® 5(0) ®B^^\ i = 0,1. 
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By Lemma there exist /^*^ € A\, i = 0,1, n e N, such that {fn^)n € 
^oo, {fn ^)n{fn ^)n = 0, (/n')n < (/n)") and hm inf „_^oc mnvgT(A) ) > 

hminf„ miiiT- dr{fn^) > hminf„ mini- t(/^)/2 > 0, i = 0, 1. 

Applying the property (SI) of A (g) B^*) to e„ (g) 1(^+^)00 and /,^*'' ® 
e we obtain si'^ e A(g)B«\ i = 0,1, n e N such that (sl*^)„ e 

(A(gBW)oo, 

Note that ($(^)( (/„ Ifcoo (g) l(fc+i)oo)„ 

•($«(sl'^))n = ($«(^*n^))n , and {^(^^3^°^))*^ {^^'H^n^))n = 0. 

Define s„ € A (g n e N by 

s„(t) =cos(^i/2)$^°^(si°^)+sin(7rt/2)$(i)(sW), te [0,1]. 

Since 

«s„(i))„ = (cos2(^t/2)$(°)(s(°)%i°)) +sin2(^t/2)$(i)(sW%(i)) 

+ cos-sin(7rV2)($(°H4°))*$(iHsW) + $(insi'^)***°nsi°^)))n 
= (e„ (g) Ifcoo (g) l(j.+i)oo)„, tg[0, 1], 

(/„ g) lfe<» g) l(fc+i)oo)„ (s„(t)) (s„(t)), t e [0,1], and Lip(s„) = tt, n e N, it 
follows that 

= (e„ g) l^Jn, (/n ® l2jn(s„)„ = (s„)„. 

Set t : Aoo ^ {A(g)Zk)oo by t((a„)„) = (a„g)l2j^)„. Since A ^ ^gJl^^eN 
and Zfc Cunitai -2, for any finite subset F C Aqo, we obtain a unital embedding 
4>i? : (A g) Zfc)oo ^ ^oo such that o l{x) = x, x £ F. 

Define s = ^{{e„).{f„)}ii^n)n) € ^oo, then we conclude that s*s — (e„) and 
{fn)s = s. I 



4 Z absorption of Crossed products. 

In this section we prove Theorem ll.2l We denote by A^, the fixed point algebra of 
a G Aut(A) and by aoo the automorphism of Aoo induced by a. In the following 
Lemma im mimicking Theorem 4.4 in [12], we use the weak Rohlin property to 
obtain a set of elements in {Aoo)a^ which satisfies the same relations as {cj}j^]^ 
in TZk- After that, applying the property (SI) and the weak Rohlin property, we 
obtain the generators of prime dimension drop algebras in {Aoo)a^- 

Lemma 4.1. Let A be a unital separable simple C* -algebra which has a unique 
tracial state r and absorbs the Jiang-Su algebra tensorially. Suppose that a £ 
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Aut(A) has the weak Rohlin property. Then for any k €N there exist Cj^n S A, 
j = 1, 2, k, n gN such that (cj,„)„ G {Aoo)^^, 

fe 

||(ci,„)„|| = 1, 111 - ^(c,>);(c,>)|| = 1, lim t{cIJ = 1/k. 
fw/iic/j implies lim„^oo - Z]j=i c^,nCj\n) = J 

Proof. Let m G N be the unital embeddings of Z into A (g) (^^gp^-Z = A 
defined by 

$m(a:) = 1^ «) l(g)^^2 «) 1^~^^^2, XGZ', 

and $ be the unital embedding of Z into defined by ^{x) = {^m{x))m, 
X G Z. Remark that t{<^„i{x)) — tz{x), m gN, x G Z. 

In the definition of cj G I{k, k + 1) in Section 2, replacing cos with cos^/" 
we obtain ci^ G I{k, k + 1) <Z Z, j = 1, 2, k such that 

||(c«)„||=l, ||l-X:c(^'^*c«ll = l, r^(c«")/lA. 

i=i 

Let e„ > 0, n e N be such that e„ \ and Tz{cn ) > 1/fc — e„, n G N. 

Let kn and l„ G N, n G N be such that In 00 and 1^ < fc„. Since 
a G Aut(A) has the weak Rohhn property and A and Z are separable C*- 
algcbras, we obtain /<") = (/,^^)™ G (^U Ujez "io(^(-2^)))' such that 

||/(")|| = 1, and 

aSo(/^"^)/^"^ =0, 0<H<2(fc„ + Z„), 
r(/(")")>l/(2(A;„ + /„) + l)-£™, r > m. 

Note that any subsequence of (/m^)m satisfies the above conditions. Then, 
taking a subsequence of {fm^)m, we may suppose that 

k($„.(c«") • - r.(c«")r(/i")")| < 

For p gZ, define ap^„ > by 

{1 - (|p| - kn)/ln, kn < \p\ < kn + In, 
1, |P| < kn, 

0, kn + ln<\p\. 
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and define completely positive maps ^pn ■ 2 — > A^o, by 

\p\<k„+l„ 

Then we liave that \\(Xoo{Vn{x)) — ifin{x)\\ 

= II J2 K,u-«p-l,n)-aSo(^(a;))«L(/^"') 

|p|<fe„+/„ 

= \M/in, X e z, 



\p\<kn + ln 

WMc^n^n = 1, and 111 - E,tlV'n(c^'')Vn(cl^'^) || = 1- 

Let Cn}m € A^, j = 1,2,.. .,k, m e N be components of (pn{cn ^) (i.e., {cn}m)r 
= ipn{cn^) S ^oo) with Cn)m = 0, then we have that 

liminfT(cii)„") = liminf ^ <nr{aP{^m{ci'Y)c^nf^'Y) 

|p|<fen + ^n 

> (2fc„ + 1) liminf r($™(cii)") • /i")") 

m 

= (2fc„ + l)liminfr^(c(i)")r(/i")") 

m 



Let Fn be an increasing sequence of finite subsets of A^ with F„ = . 
By the above conditions, we obtain an increasing sequence m„ e N, n e N such 
that 



[c\^>x]\\<e, x&F, 



m 

^(») ^(i) * _ A. .^(1) ^11 <^ ;r ^- _ 1 O U 

k 



2fc„ + 1 



Define Cj,n = Cn?m^, j = 1, 2 , A:, then we have that (cj,n)n € (^oo)aoo? 
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fc 

||(ci,„)„|l = 1, 111 - 5](c,,„):(c,- „)|| = 1, lim r(c?.J = l/k. 

I 

By the technique in the proof of Lemma 4.6 [5T] we obtain a generator s 
in (Aoo)qoo satisfying the relations in TZk together with {(cj,„)„} above. In the 
proof of the following proposition, x y means ||a; — y|| < e. 

Proposition 4.2. Let A be a unital C* -algebra which has a unique tracial state 
T, absorbs the Jiang-Su algebra Z tensorially, and has the property (SI). Suppose 
that a G Aut(A) has the weak Rohlin property. Then for any k d N there exists 
a set of norm- one elements {cj}'j^i U {s} in {Aoo)a^ satisfying TZk- 

Proof. By Lemma l4.ll we obtain Cm & A^, j = 1,2,...,A;, m e N such that 

{Cm )m ^ (^oo)aco' {^m )m ^ O7 {^m )m(Cm ) — Sij{Cm ) 1 II )m|| — li ||1 

Z)^=i(cm )* (cm )|| = 1, lim„i^oo T{cln' ) = 1/fc, and lim„_,oo T(l-X;c^i^' cli^) 
= 0, where r is a unique tracial state of A. Let £„i > 0, to e N be such that 

Em \ and T(Cm ) > 1/^ 

Because of the weak Rohlin property of a G Aut(A) we obtain fm G A^, 
l,m eN, such that {fm )m G A^o and 

<((/^^)m)al!')-o, p = i,2,...,;-i, 

||[/«,c«]|| <e„, r>m, 
t(/«") > l/;-e,„, r>TO. 

Note that any subsequence of {fm)m satisfies the above conditions. Since r is 
the unique tracial state, taking a subsequence of {fm)m we may suppose that 
riic'^^ fii^r) T{cg^"'f^^r) «e„ t(cW'")t(/(//") > l/(fc0-2e„. Set 

3^^^=C«^/VM^^^<, TO EN, 

(I) 1 f n '^'^ 

then we have that {gin jrn € ^ £ N and hminf T{gin ) > 

By the property (SI) of A, we obtain s'^^ G A\ to e N, such that (s'^^^)m S 
^00, = (1 - E-=iC^^*c(i^^): and {glSs'^^) = (s'l^). Remark that 

(gi^) = (/i!^)(c^^) < (/^^), (giL^) < (c^^^^), = (s^)), and (c«)™(st)) 

= (s'm)- Let L„ e N be such that 2i„^^^ < e„ (L„ oo) and define 

Then we have that 
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Let TO„ G N, n G N be an increasing sequence with to„ /" oo such that (^SmZ )n S 

Sn/Ln, Wstfs'i^:^- (l-E-=lC^rcHi)|| < £„, ||«P(c,(£)- C^/^JI < £„/(2fc), 

j = l,2,...,fc, p = 1,2,...,L„ - 1, and \\cillsl^"''- Smr^ll < ^n/Ln, and set 

Then we have that aoc{{sn)n) = (sn) e ^oo, 

L„-i i„-i 

p=0 q=0 
k 

i=i 

||(s„),i|| = 1, and (cmi)(s„) = (s„). Hence we conclude that {(cmi)„}j=i U 
{(s„)n} C (Aoo)a^ and they satisfy the relations TZk- I 

Proof of r/teorem U.^I Applying Proposition 2.2 in ^SS^ to (Axq,Z)oo it suffices 
to show the following Lemma. 

Lemma 4.3. Let A be a unital separable projectionless C* -algebra which has a 
unique tracial state and absorbs the Jiang-Su algebra tensorially. Suppose that 
A has property (SI) and a S Aut(A) has the weak Rohlin property. Then for 
any k € N there exists a unital embedding of I{k, k + 1) into (Aoo)qoo • 

Proof. By Proposition 14. 21 we obtain a set of norm one generators {cj}j^i U {s} 
in (Aoo)qoo satisfying TZ^. Since \s\ and ci are norm one elements we have 
that sp(|s|) D {0, 1}, and since Aoo is a projectionless C*-algebra we have that 
sp(|s|) = [0, 1]. Then, by Corollarv l2.2l we conclude the above statement. I 



5 Stability for automorphisms 

In this section, using the weak Rohlin property, we show the stability for auto- 
morphisms of the Jiang-Su algebra. Theorem 15.31 

First, we recall the generalized determinant introduced by P. de la Harpe 
and G. Skandalis (see [TT], [TH], [H]). Let ^ be a unital C*-algebra with a 
unique tracial state t. For any piecewise differentiable path ^ : [0, 1] U{A), 
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we set ^ 

A.(c) = -^ / Tmc{t))dt€R. 

27rv-l Jo 

When^(O) = 1 we have that A^(0 G t{Ko{A)). For any m e Uo{A), there 

exists a piecewise differentiable path ^„ : [0, 1] U{A) such that ^ii(O) = 1, 
= u- The generahzed determinant A,- associated with the tracial state r 
is the map from Uo{A) to R/t{Ko{A)) defined by A^(u) = A(e^) + T{Ko{Aj). 
Remark that A^ is a group homomorphism. 

Mimicking the proof of Lemma 6.2 in |19| we prove the following proposition. 
Hereinafter, we let log be the standard branch defined on the complement of 
the negative real axis. 

Proposition 5.1. Let B he the UHF algebra of rank k°° , where k eN \ {1}, 
T the unique tracial state of B, /? £ Aut(i3), and Un G U{B), n G N. Suppose 
that (3 € Aut(i3) has the Rohlin property and 

At(u„) = 0, for any n G N. 

Then there exist w„ G U{B), n G N such that G Brx,, 

{vnP{vn)*)n = (wn)n, T ° log(w„/3(w„)*u* ) = 0, for any n G N. 

The following lemma was essentially proved in [llj . 

Lemma 5.2. Let A be a unital C* -algebra with a unique tracial state r. 

(1) For ui, U2 G U{A) with, \\ui — 1|| < 1/2, i = \,2 it follows that 

T O log(uiM2) = T O log(ui) + T O log(u2). 

(2) For ui, U2, and v Cz U (A) with — 'U2II < 1/2 and ||w — 1|| < 1/4, it follows 
that 

T O \og[uiVU2V*) —TO log(uiU2)- 

Proof. (1) Let hi G Agn be such that exp(27r-\/— lft,j) — Ui, i — 1,2, and 
hs G Asa be such that exp(27rV— 1/13) = uiU2- Set u{t) — exp(27r ^/—Ithi) 
•exp(27rv/^t/i2), w{t) = exp(27r\/^t/i3), t G [0,1]. Since ||l-u(<)|| < 1, 
||l-w(t)|| < 1, and ||l-u;*u(i)|| < 2, i G [0, 1], we can define h G C([0, l])(g)Asa 
by h{t) = log{w*u{t)), t G [0,1], then u and w are homotopic, by H{s,t) = 
w{t) exp{{l — s)h{t)) with fixed endpoints H{s,0) = 1 and H{s,l) — w{l). 
Hence, we have that 

ro log(uiU2) = 27r\/— lr(/i3) = / T{ww*{t))dt— / T{uu*{t))dt 

Jo Jo 

= 2TT^/^T{hi + ft,2) = T o log(ui) + r o log(u2). 

(2) Set Ui = v*uivul, U2 = uiu*2, then it follows that ||C/j - 1|| < 1/2, i = 1,2. 
Applying (1), since r o log(?7i) = t o log(i)*) +r o log(uit)u*) = we have that 
r o log(C/it/2) = T o log(J7i) +T o log(;72) = T o log(C/2)- I 
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proof f Provosition \5.1\ Because f3 G Aut{B) has the Rohhn property in 
there exist v'„ G U{B), n e N such that S i?oo, and 



By the assumption and 
1 



{v'nPiv'nYU = K). 
T O l0g(f'„/3(«'„)*<) + T(i^o(B)) 



we have that 



T o iog(t;'„/3(«'„)*<) e t(A'o(s)), 71 e N. 



Since B is the UHF algebra of rank k°° , we obtain ^„ £ N and r7i„ G Z such 
that {mn,k) = 1 and 



fc '"TO,, = — - 



1 



T o logK„/3(i;'„)*<) e r(i^o(S)). 



Set A„ = exp(27r-\/— lfc^'"'7i„), then we have that A„ 1, by {v'n l^W n)* 
u^)n — 1- By the Rohhn property of € Aut(i3), there exist Pn £ P{B) and 
Zn e U{B), n e N such that (p„)„ S Soo, (^n)™ = Is^, and 

^ (Adz„o/3)^(p„) = Is. 

Define 

A,-'"-! 

tJ„ = ^ exp(27r\/^jA;"'"TO„) • (Adz„ o /3)-'(p„), 

w„ = v'nVn eU{B), neN. 

Taking a subsequence of {pn)n, we may suppose that € Boo- Then it 

follows that {vn)n G Boo- By the definition of iJ„ we have that Vn Ad z„ o l3(vn)* 
= Xn and 



(-y„/3(w„)*0„ = (w„ Adz„ o/5(w*)u*)„ = (A„w'„/3(t;'„)*0„ = 1. 

And, by Lemma [5T2l we have that r o log(u„/3(w„)*u* ) 

= Tolog(w„Adz„o/3(u„)*ii*) 

= TO log(U„ Ad Zn o /3(T7„)* Ad 2;„ o /3(u'„)*u* i;'„) 

= 27r\/^fc"'"m„ + r o log(i;'„/3(w'„)*u* ) =0, n G N. 



16 



Theorem 5.3. Suppose that a G Aut(2^) has the weak Rohlin property and 
Un G U{Z), n G N satisfy {un)n G and that 



The following lemma is a direct adaptation of Proposition 4.6 in [TO] , 

Lemma 5.4. For any c > there exists c' > smc/i i/iaf the following holds. 
Let B be a UHF algebra, r the unique tracial state of B. Suppose that Un 



e U{C{[0, 1]) (g) B), n G N satisfies that (m„)„ G (C([0, 1]) ® B)oo, = 1, 



and Lip(u„) < c, n G N. Then there exist G C/(C([0, 1]^) ® B), n such 
that (y„)„ G (C([0,l]2)®B)oo, 

y„(0,i) = li3, = S„(t), iG[0,l], 

y„(s, i) exp(log(u„(i))s), i = 0, 1, s G [0, 1], 

and Lip(j/„) < c', n G N. 

Proo/. Set = {(s,i) G [0,1]2; {s,t}n{0, 1} 7^ 0}. By Proposition 4.6 in [19], 
for c > 0, we obtain c' > satisiying that: for any AF-algebra A and for any z 
G U{C{dE)(S,A) with z(0,0) = 1, Lip(z) < c, and [z]i = G ii:i(C((9(£;)) A), 
there exist z G C/(C([0, 1]^) (g) A) such that zjas = z and Lip(z) < c'. Suppose 
that Un G [/(C([0, 1]) (g) i?) satisfies the conditions in the lemma. Define [/„ G 
U[C{dE) (g) B) by 



Then we have that Lip(t/„) < c for any 11 G N. By the assumption, regarding 
Un G J7(C(T) (g B), we have that [C/„]i = A^(C/„) = in t{K^{B)). 

Let n G N be an increasing sequence of matrix subalgebras of B with 
1b„ = Ib and IJ - S. Since (t7„)„ G C/((C(9i;) (g) B)oo), slightly modyfying 
Un, we obtain an increasing sequence r7i„ G N, n G N and U'^ G U{C{dE) (g) 
n S)) such that m„ / 00, = (f/„)„, C/;(0,0) = 1, and Lip(C/;) < 

c. Since i?^„^ n B has the unique tracial state t|s;^ ns, it follows that {U'^] 

^i(s;,„nB) = ^^B;.„ni3(f^n) = ^TB(t^^) = A^B(t^n) = 0, then we obtain Un 
G C/(C([0, 1]2) (g (b;„^^ n B)), n G N such that Un\dE = U'n and Lip([7„) < c'. 
Then we have that (f/„)„ G (C([0, l]2)g)B)oo. Since Un\aE = C/^, n G N, slightly 
modyfying [/„ on we obtain y„ G C/(C([0, 1]^) (g i?), n G N and e > such 
that (y„)„ = (f/n)„, yn\dE = Un, and Lip(j/„) < c' + e for any n G N. I 

As in the proof of Proposition 2.2 in 33J, the embedding I{k, fc + 1) Cunitai 
{Aoa)a^ obtained in Lemma 14.31 implies the following Lemma. 



Arz(u„) — 0, for any ti G N. 
Then there exist w„ G U{Z), n G N such that {vn)n G Z^x, and 

{Vn(y{Vn)*)n = {Un)n- 



i = Q,l, 



Ar{Un) =0, TO log(u„(i)) = 0, ^ = 0, 1, 71 G N, 




s = 0, 
s = l, 

t — i, i = 0, 1. 
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Lemma 5.5. Let A be a a unital separable projectionless C* -algebra which has 
a unique tracial state and absorbs the Jiang-Su algebra tensorially. Suppose 
that A has property ( SI) and a is an automorphism of A with the weak Rohlin 
property. Then there exists a unital embedding of Z into {Aoo)a^- 

proof of Theorem [5751 Let Z^, and i = 0, 1, be the projectionless C*- 
algebra, the UHF algebras, and the unital cmbcddings in the proof of Proposi- 
tion (23] 

Because of Z(E)B^''^ = B^'^ , the Rohlin property of cr(g)idB(.) G kvX{Z®B^'^), 
and 

® ^B'.)) = 0, in M/t(Xo(S«)), n e N, 

applying Proposition 15. 11 we obtain Vn^-'"'^ E U(Z (g) -B*-*'), i = 0, 1, n G N such 
that {Vj'^)n e{Z^ B(*))oo and 

Tz®B(.) o log(Fi*V idsc) (V;W)*< 1b(o ) = 0, neN. 

By the following argument, we would like to obtain a path of unitaries Vn in 
Z(S)Zk with endpoints (F„*'^) S (g) (g) B^^)), i = 0, 1 which satisfies 
Vn{t)a (g) idB(o)^B(i) {vn{t)*) « M„ (g 1b(o)^b(i) for any t e [0, 1]. 
Set 

Un,i - $(°)(i/i°))*$«(v;«), 

= C/„,icr(gidB(o)(gB(i)(C/„4)*, 71 e N. 

Then it follows that (C/„,i)„ € (Z ® St") g) B(i))oo, (M^rO« = ^(z^Bm^sBW)^, 
and, by (1) in Proposition Tz(g,B(<''>(g,BW ° log{W„) 

= Tolog($(i)(y«a®idB<i)(K«)* M* «) 1_B(1)) 

= E (-1)'"'^ ° log($«(y«a ® idsc, ® Ibo) - 0, 

j=0,l 

for any n e N. 

Since (J7„,i)„ e (Z g) ^(o) ® i3(i))oo, there exist C/„ e y(C([0, 1]) g) Z g) 
B(o) g) n e N be such that c7„(0) = 1, C/„(l) = f/„,i, ([/„)« e (C([0, 1]) ® 

Z (g g) B(i))oo, and Lip(C/„) < tt + e for some e > 0. Define fi^^ G 
J7(C([0, 1]) (g Z (g B(o) (g j, n e N by 

®cr-' ® idB(0)gB(i) (C/n)*, 

Ti°^ = 1. Note that 

fjJ^ id (gCT (g id(f^^"i) )* = T^i) , j, n e N. 
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By (f/„)„^e (C([0,1]) ^Z^ ® B(^^U, {Wn)n = 1, r o log(W^„) = 0, 
and Lip(t/„) < TT + e, we have that (ri^'^)„ e (C([0, 1]) Z ® Sf") ® B(i))oo, 
(T;1^'^(1))„ = 1, Tolog(ri^'^(l)) =iTolog(W„) = O, and Lip(fi^')) < 2(^ + e), j e 
N. Then, by Lemma [Eil we obtain a constant c > and yi'''' G [/(C([0, 1]^) (g) 
2: (g) B(0) (g> B(i)), j e N such that {yl^^)n € (C([0, l]^) (g) Z (g) B^°^ (g> B^^'>)oo, 

y«(0,t) = l, y«(l,i)=T«(i), te [0,1] 

yiPis, 1) = exp(log(f W(l)s), yi^Hs,0) = 1, 5 G [0, 1], 

and Lip{ylP) < c, n e N. 

By the RohUn property of o-(g)id^(o)^5(i) we obtain G P{Z(^^B^°''(^^B^^^) 
and e J7(Zg)B(")(g)B(i)), /, m € N such that (p^^)™ e (Zg)B(o) g)B(i))oo, 
(^^m )m = 1, and 

^(AdzWo^^idy(p(0) = l. 

i=o 

Set yi'\s)it) = ylPis,t), s,te [0, 1], j, n e N, 

c^m = idc([o,i])®(Adz(^' oCT(g)ids(o)g,B(i)), mSN, 

Since {{ai^y (lc([o,i])®Pm ))m e (C([0, l])(gZ ®B(°)®BW)^, j = 0,l,...,fc'-l 
are mutually orthogonal projections, we have that (W^/,„ „)m is a unitary and 
obtain H?;,™,„ G C/(C([0, l])g)Z(g)B(°)g)B(i)), m, n G N such that = 
i^im n)™- By the definition of „, we have that 

,m,n)m ,m,n) )m 

Since (fi^'^)„, ((a£^y-'='(2/i''Hj7fcO))n, and (a£^P"(lc([o,i]) ®P™ )™ € (C([0,1]) 
g)Zg)B(") g)B(i))oo, and ||1-VF„|| ^ 0, we obtain a slow increasing sequence 
^n, n e N and a fast increasing sequence m„ g N, n € N such that ^„ /* oo, 
m„ /■ OO, _ 

e (C([0, 1]) (g Z (g b'-°'' (g i3^^'')oo, 

w„|| ^0, ||w?,„,™„,„id®fT®id(w?,„,™„,„)*-f;«|| <c/k'-. 

Set 

v;; = w^,* ,„^,„c/„ e f/(C([o, i]) g) z g) ® s^i^), n e n. 

Then it follows that {V,[)n G C([0, 1]) g) Z g) g) B(i))oo and 

(K idc([0,l]) "^Cr (g ids(0)^_B(l) iVn)*)n 

= (AdM?*_„„_jr« •id®a®id(W?z„,™„,„) • w?;„^,„„_j)„ = 1, 
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Since |ll-ri^'Hl)|l <j|ll-W„|1^0, and 1)11 < || l-T^'^'") (1)|1 , 

it follows that 

where Sn = 2fc^'"||l — Wn\\, n ^N, and then we have that 
Define 

= i€ [0,1]. 

Then we have that {Vn)n e (C([0, 1]) (g) Z (g) B^o) (gj B^^^)oc 

(v;.W)„ = (<i>«(v;W))„, ^ = 0,1, 

and that (K id(7([o,i]) ^o" id5(o)^s(i) (K)*)« 

= (ic([o,i]) ® $^''Hv;(°V ® ids,o, (v;(°))*))„ 

= (lc([0,l]) ® ® l-B(0)i»B(i))n- 

Slightly niodyfying Vn at the end points, we obtain Vn £ U{Z ® Zk) such that 

(^n)n — iy^n\i: 

Finally, we obtain G 2oo which corresponds to w„ e Z®Zk and satisfies 

(i;„cr(w*))„ = (u„)„, by the following. By Lemma [53] and Zk Cunitai Z, we 
obtain a unital embedding : Z (g ^ Z°° such that (Too o = o ct (g id^^. 
and ^{a (g 1^^) = a g Z C Z°°, a S Z. Let F„ C Z^, n € N be an increasing 
sequence of finite subsets of Z^ and e„ > 0, n G N a decreasing sequence such 
that[p; = Zi,e„\0, 

||ll„cr g) id^^ («„)* - M„ g) Izj^ II < En, 

It follows that ||[*(u„),a:]|| = ||*([u„,a;g) l-7j)|| < e„, .x € F„, and 

*(S'n)0-oo(*(S'n)*) = *(S'nCr®idz, («„)*) 

Denote by Vn^p S U{Z), p e N components of ^'(w„) £ U{Z°°), then we obtain 
an increasing sequence p„ G N, n £ N such that 

Define = Wn,p„ • This completes the proof. I 
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proof of Theorem By using the stability of the following form instead of 
Proposition 4.3 [21] and by the Evans-Kishimoto intertwining argument in the 
proof of Theorem 5.1 [H] we can give the proof, where we omit the detail. 

Corollary 5.6. Suppose that a e Aut(Z) has the weak Rohlin property. For 
any finite subset F of and e > 0, there exists a finite subset G of and 
(5 > satisfying that: for any u S U{Z) with y]|l < 5, y £ G, there exist 
V G U {Z) and A G T such that 

\\va{v)* — \u\\ < e, II [v, x]\\ < e, x £ F. 

Proof. For u„ e U{Z), n £ N with ('u„)„ £ Z^, set A„ = exp(— 27r-y^ 
^Tzi'^n)) G T. Since At-^(A„-u„) — £ R/t{Kq{Z)), by the above theorem 
we obtain w„ £ U{Z), ri G N such that (f„)„ £ Z^o and 

(u„cr(u„)*)„ = (A„u„)„. 

Assume that there exist a finite subset F oi Z^ and e > satisfying that: 
For any finite subset G of and 6 > there exists u £ U{Z) with || [u, y]\\ < S, 
y £ G such that if w e U{Z) and A e T satisfy ||i;(t(u)* — Aw|| < e then 
III?;, a;] II > e for some x £ F. This contradicts the above statement. I 
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